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1. An exactly-solved Bellman equation. Consider a discrete-time infinite-horizon optimal

growth model where the planner chooses capital stocks k; 1 for t =0,1,...,T to maximize
Zﬂt log ¢, 0<p<1 (1)
=0

subject to the sequence of resource constraints
ct+kt+1§k37 tZO,].,

with given initial condition
ko >0

Let v(k) denote the value function for this problem. The value function v(k) solves the Bellman
equation
v(k) = max [log(k‘a — )+ Bu(x)

Verify that the solution for v(k) is

v(k) = A+ Blogk

where
A= 1—15 (log(l —af) + 1 fﬁaﬁ log(aﬁ))
and o
=71 op >0
SOLUTIONS:

Guess that v(k) = A + Blogk solves the Bellman equation. Then the RHS of the Bellman
equation is
max [log(k‘“ — )+ (A + Blog x)]

0<w<ke
This is a standard concave optimization problem and its solution is completely characterized
by the first order condition with respect to the choice variable x

1
ka_

B

which solves the optimal policy
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Plugging this back into the RHS of the Bellman equation gives

o) =tog (e = 25k 5 (a+ g (1250 )

B 1 N BB .
_10g<1+ﬁBk ) +BA+5Blog<1+ﬁBk’ >

= A+ BBlog(BB) — (1+ 8B)log(1 + BB) + (1 + fB)alogk
Now observe that matching coefficients we have
(1+5B)a=1B

and
BA+ BBlog(BB) — (14 8B)log(1+ B) = A

We can then solve the first of these for B to get,

!
=1 of >0
Then using this to solve for A gives
A= =5 (BB1og(BB) — (1+ 3B)log(1 + A)
1 af
1.5 <log(1 —af) + —ap log(aﬁ)>

as required.

2. Properties of the policy function. Consider a strictly increasing strictly concave production
function f(k) that satisfies f(0) = 0 and f’(0) = 400 and f’(c0) < 1. Suppose the policy

function ki1 = g(k;) has the form g(k) = sf(k) for some s € (0, 1).

(a) Show that there is exactly one steady state k* > 0.

(b) Show that for any ko > 0 the sequence {k;;1}52, induced by g(k) converges monotonically

to k*.

SOLUTIONS:

(a) Since g(k) = sf(k) with s € (0,1) we have g(0) = s0 = 0 and ¢'(k) = sf'(k) > 0 and
g"(k) = sf"(k) < 0 with ¢’(0) = sf’(0) = 400 and ¢'(c0) = sf'(00) < 1 since s < 1 and
f'(00) < 1. In short, g(k) inherits the strictly increasing strictly concave shape of f(k). A

steady state k* > 0 solves
k= g(k)
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Let’s write this as
h(k*) =0, where h(k) = M 1 — sf(k) _

with

H(k) = 5 <f/](f") - f/i’?) <0

Note: to see why h'(k) < 0, note that a concave function f is bounded above by its
first-order approximation so that for any x,y we have

fly) < flz)+ f(2)(y — o)

(the first order approximation is a global over-estimator of f; this is the key to using local
properties of the function to deduce global properties like its maximum). Now take f to
be our production function and set y = 0 and x = k to write

F(0) < f(k) = f'(K)k

and since f(0) = O this implies f'(k)k < f(k) and since k > 0 this implies f'(k)/k <
f(k)/k* hence I/ (k) < 0 (actually strictly so, since f is strictly concave).

Moreover note that by 'Hopital’s rule we have

h(O):sllciir(l)fgf)—lzsf/go)—lz—i-oo
and )
h(oo)—sklimm—l—sf(locﬂ—1<0

(since sf'(00) < f'(c0) < 1). Hence the function h(k) is continuous and monotonically
decreasing on [0, 00) and moreover there exists constants k < k such that h(k) > 0 for
all k < k and h(k) < 0 for all k > k. Then by the intermediate value theorem there is a
unique k* € [k, k] such that h(k*) = 0 and hence for this &* we have g(k*) = sf(k*) = k*
so that k* is the unique steady state.

Notice that

kt+1 > k?t ~ g(kt) > kt
<~ Sf(kt) > ]”v’t

&S k< k*

so that the sequence {k;1}:2, induced by g(k) is strictly monotonically increasing if it
starts from some kg < k*. Since this sequence is strictly monotonically increasing and
bounded above by k* the sequence converges to k* (from below) as ¢ — co. Likewise the
sequence {kiy1}2, induced by g(k) is strictly monotonically decreasing if it starts from
some ko > k*. And since this sequence is strictly monotonically decreasing and bounded
below by k* the sequence converges to k* (from above) as t — co. Hence in either case the
convergence is monotone. Of course if ky = k* then we are immediately at steady state.



