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This lecture

• Lentz/Mortensen applications of Klette/Kortum-style model

– 2005 paper: extension to ex ante heterogeneous firms; implications

for growth through reallocation/selection

– 2008 paper: structural estimation using Danish panel data
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Lentz/Mortensen (2005): overview

• Fundamental heterogeneity in Klette/Kortum model

• At birth, firm draws profitability type ⇡ (, step size q). Applies
to all of a firm’s portfolio of n products

• Growth through two kinds of reallocation

(i) from obsolete vintages to newest vintages, as in Klette/Kortum

(ii) from low-⇡ to high-⇡ firms within set of continuing firms

This second kind of reallocation is a selection effect
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Lentz/Mortensen (2005): model

• Continuous time t � 0

• Representative household

U =

Z 1

0
e

�⇢t
logCt dt, ⇢ > 0

• Expenditure Et = PtCt satisfies intertemporal Euler equation

˙

Et

Et
= rt � ⇢

• Choose Et = 1 as numeraire, then rt = ⇢

gt =
˙

Ct

Ct
= �

˙

P

Pt
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Quality ladder

• Instantaneous utility

logCt =

Z 1

0
log

h Jt(j)X

k=0

zt(j, k)xt(j, k)

i
dj

from j 2 [0, 1] horizontal varieties, each of which comes in
k 2 {0, 1, . . . , Jt(j)} vintages of increasing quality

• Random quality increments

zt(j, k) =

kY

k0=0

qt(j, k
0
)

(determined by ⇡-type of successfully innovating firm)
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Pricing

• In equilibrium, only highest quality supplier of product j operates,
limit prices to deter entry by follower

p = qw, x = 1/qw

with profits

⇡ = (p� w)x =

q � 1

q

2 (0, 1)
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Firms

• Portfolio of n 2 {0, 1, . . . } products

• Profitability ⇡ ⇠ �(⇡) drawn at firm entry, applies to all products

• Choose innovation intensity � per product, total intensity �n

– cost c(�) labor per product, strictly increasing and convex in �

– in general, innovation intensity will vary with ⇡, i.e., �(⇡)

• Firm takes as given destruction intensity µ per product
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Value of a firm

• Let Vn(⇡) denote value of type ⇡ firm with n products

• Bellman equation for firm with n > 0 products

rVn(⇡) = max

�

h
⇡n� wc(�)n

+�n(Vn+1(⇡)� Vn(⇡))� µn(Vn(⇡)� Vn�1(⇡))

i

• Guess-and-verify that Vn(⇡) is linear in n

Vn(⇡) = v(⇡)n

for some v(⇡) > 0 to be determined
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Value of a firm

• So value v(⇡) per product satisfies

(r + µ)v(⇡) = max

�

h
⇡ � wc(�) + �v(⇡)

i

• Equivalently

v(⇡) = max

�

h
⇡ � wc(�)

r + µ� �

i
, �(⇡) = argmax

�

h
⇡ � wc(�)

r + µ� �

i

with first order condition for innovation intensity

wc

0
(�) = v(⇡)

• From envelope condition, v0(⇡) > 0 so �

0
(⇡) > 0 too
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Size distribution

• Let Mn(⇡) denote steady-state measure of firms of size n

• For n > 1 we have the steady-state balance condition

(�(⇡) + µ)nMn(⇡) = �(⇡)(n� 1)Mn�1(⇡) + µ(n+ 1)Mn+1(⇡)

• For n = 1 we have

(�(⇡) + µ)M1(⇡) = ⌘�(⇡) + µ2M2(⇡)

where ⌘ is the equilibrium entry rate (to be determined) and
�(⇡) is the measure of entering firms that draw ⇡ (exogenous)

• Finally, since only n = 1 firms are at risk of exit

⌘�(⇡) = µM1(⇡)
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Size distribution

• Rearranging, we have for n = 1 firms

M1(⇡) =
⌘

µ

�(⇡)

• So for size n = 2 firms

M2(⇡) =
1

2µ

[(�(⇡) + µ)M1(⇡)� ⌘�(⇡)] =

⌘�(⇡)

2µ

2
�(⇡)

• And so on, by induction, for any n

Mn(⇡) =
⌘�(⇡)

n�1

nµ

n
�(⇡), n = 1, 2, . . .
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Size distribution
• Total measure of type ⇡ firms

M(⇡) :=

1X

n=1

Mn(⇡)

=

1X

n=1

⌘�(⇡)

n�1

nµ

n
�(⇡) = ⌘

�(⇡)

�(⇡)

1X

n=1

1

n

✓
�(⇡)

µ

◆n

=⌘

�(⇡)

�(⇡)

log

⇣
µ

µ� �(⇡)

⌘

• So conditional distribution is given by

Mn(⇡)

M(⇡)

=

1
n

⇣
�(⇡)
µ

⌘n

log

⇣
µ

µ��(⇡)

⌘

Again, the log-series distribution, now with type-specific parameter
�(⇡)/µ 2 (0, 1)
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Size distribution
• Conditional mean

E[n |⇡] =
1X

n=1

n

Mn(⇡)

M(⇡)

=

�(⇡)
�(⇡)�µ

log

⇣
µ

µ��(⇡)

⌘

which is increasing in �(⇡) and hence increasing in ⇡

• Total mass of products produced by type ⇡ firms

K(⇡) :=

1X

n=1

nMn(⇡) =
⌘

µ� �(⇡)

�(⇡)

with K(⇡)/�(⇡) increasing in ⇡ and
X

⇡

K(⇡) = 1
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Selection and reallocation

• More profitable firms ⇡

0
> ⇡ are over-represented relative to

intrinsic frequency

Mn(⇡
0
)

Mn(⇡)
� �(⇡

0
)

�(⇡)

=

�(⇡

0
)

�(⇡)

"✓
�(⇡

0
)

�(⇡)

◆n�1

� 1

#

is positive and increasing in n since �(⇡

0
) > �(⇡) for ⇡

0
> ⇡

• This ‘selection bias’ reflects reallocation from less to more
profitable surviving firms and from exiting to entering

(Of course all growth in the model is reallocation of one kind or
another, but this term reflects reallocation across types)
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Entry

• Cost wlS for Poisson intensity 1 of entering with n = 1 product

• Entry rate ⌘ adjusts to satisfy free-entry condition

E[v] =
X

⇡

v(⇡)�(⇡)  wlS

with equality whenever ⌘ > 0

• Aggregate product destruction rate is then

µ = ⌘ +

X

⇡

1X

n=1

n�(⇡)Mn(⇡) = ⌘ +

X

⇡

�(⇡)K(⇡)

= ⌘

X

⇡

µ

µ� �(⇡)

�(⇡)

15



Equilibrium
• Constants

(w

⇤
, ⌘

⇤
, µ

⇤
)

consistent with firm optimization, i.e., v(⇡),�(⇡), and

(i) free entry condition

X

⇡

v(⇡)�(⇡)  wlS (*)

(ii) product destruction rate

µ = ⌘

X

⇡

µ

µ� �(⇡)

�(⇡) (**)

(iii) labor market clearing

LX + LR + LS = L

• Note: v(⇡) and �(⇡) themselves depend on (w, µ)

Compute equilibrium by solving fixed point problem in w, ⌘, µ
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L
X

+ L
R

+ L
S

= L

• Labor employed in goods production

LX =

X

⇡

1X

n=1

lX(⇡, n)Mn(⇡), lX(⇡, n) =

1� ⇡

w

n

• Labor employed in innovation at incumbents

LR =

X

⇡

1X

n=1

lR(⇡, n)Mn(⇡), lR(⇡, n) = c(�(⇡))n

• Labor employed in attempt to enter (‘startups’)

LS = ⌘lS
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L
X

+ L
R

+ L
S

= L

• So labor employed in production is

LX =

X

⇡

1X

n=1

lX(⇡, n)Mn(⇡) =
X

⇡

1� ⇡

w

K(⇡)

• And labor employed in innovation at incumbents is

LR =

X

⇡

1X

n=1

lR(⇡, n)Mn(⇡) =
X

⇡

c(�(⇡))K(⇡)

• Which means labor market clearing can be written

⌘

 
X

⇡

⇣
1� ⇡

w

+ c(�(⇡))

⌘
�(⇡)

µ� �(⇡)

+ lS

!
= L (***)
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Growth decomposition

• Aggregate growth is

g = µE[log q]

the rate of innovation times the average quality improvement

• And in equilibrium, the aggregate innovation rate is

µ = ⌘ +

X

⇡

�(⇡)K(⇡)

• Gives growth decomposition

g = ⌘E[log q]+
X

⇡

�(⇡)E[log q][K(⇡)� �(⇡)]+

X

⇡

�(⇡)E[log q]�(⇡)

that is, growth = net entry + selection + residual
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selection =

P
⇡

�(⇡)E[log q][K(⇡)� �(⇡)]

• Recall that mass of products accounted for by type ⇡ firms is

K(⇡) =

⌘

µ� �(⇡)

�(⇡), µ = ⌘ +

X

⇡

�(⇡)K(⇡)

• So

K(⇡) > �(⇡) , �(⇡) >

X

⇡

�(⇡)K(⇡)

• Collecting terms and rearranging

selection =

1

⌘

0

@
X

⇡

�(⇡)

2
K(⇡)�

 
X

⇡

�(⇡)K(⇡)

!2
1

AE[log q] > 0
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Lentz and Mortensen (2008): overview

• Structural estimation of Klette/Kortum model

– Danish firm-level panel data on productivity and employment

– selection effects account for about half of aggregate growth
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Additional features
• General CES preferences over horizontal varieties j 2 [0, 1]

Ct =

 Z 1

0
↵(j)

hX

k

zt(j, k)xt(j, k)

i��1
�

dj

! �
��1

, � > 0

with qualities

zt(j, k) :=

kY

k0=0

qt(j, k
0
)

•
Random quality steps : on entry, firm learns type ⇡ ⇠ �(⇡). Firm
of type ⇡ draws innovation steps q ⇠ F (q |⇡) with higher ⇡’s
giving a more favorable distribution (FOSD)

•
Random initial demand : each product variety has an initial
demand realization ⇠ ⇠ G(⇠), independent of q and ⇡, that
persistently affects profitability
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Overview of steady-state equilibrium
• Let q

n
:= (q1, . . . , qn) denote vector of quality steps,

⇠

n
= (⇠1, . . . , ⇠n) vector of initial demand conditions

• Lentz/Mortensen derive closed form solution for value function
Vn(⇡, q

n
, ⇠

n
) of type ⇡ firm

• Again, each type ⇡ chooses a different innovation rate �(⇡)

• Aggregate innovation rate given by

µ = ⌘ +

X

⇡

�(⇡)K(⇡)

where again K(⇡) = ⌘�(⇡)/(µ� �(⇡)) is mass of products
produced by type ⇡ firms, ⌘ is entry rate (both endogenous)

• Aggregate innovation rate then pins down aggregate growth rate g
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Data moments used for structural estimation



Model fit



Estimated parameters (for � = 1)
• Cost function

c(�) = c0�
c1+1

, c1 = 3.7

• Three-point type distribution

�(⇡) = (0.85 , 0.10 , 0.05)

(and quality F (q |⇡) is Weibull with type-specific scale parameter)

• Equilibrium mass of products by type

K(⇡) = (0.54 , 0.28 , 0.18)

• Innovation intensities

�(⇡) = (0.000 , 0.055 , 0.057), ⌘ = 0.045 ) µ = 0.071
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Theoretical growth decomposition

• In � = 1 case, can derive similar growth decomposition

g = ⌘

X

⇡

E[log q |⇡]�(⇡)+
X

⇡

�(⇡)E[log q |⇡][K(⇡)� �(⇡)]

+

X

⇡

�(⇡)E[log q |⇡]�(⇡)

again, growth = net entry + selection + residual
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Selection contributes about half of growth



Next class

• Innovation and firm dynamics, part four

• Embodied technical change and diffusion of new technologies

⇧ Atkeson and Kehoe (2007): Modeling the transition to a new

economy: Lessons from two technological revolutions, American

Economic Review.
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